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Advanced mathematical methods and software platform
for solving multi-physics, multi-domain problems

on modern computer architectures:
applications to environmental engineering and medical problems.

Abstract

We consider problems characterized by the existence and interaction of nonuniform materials
(multi-physics, multi-domain), and modelled by partial differential equations (PDEs) of elliptic or
parabolic type involving discontinuous coefficients at the interfaces between different materials. These
discontinuities result in discontinuities of the solution functions and/or their derivatives. Examples of
such problems are the spreading of cancer tumor (glioma) in the brain (white and gray matters of the
brain), and the contamination of fresh ground water by saline waters, due to overpumping. Both prob-
lems are of strategic importance and their effective solution affects the decisions of governments and
institutions, as well as the society.

For the effective solution of such problems we plan to
(a) develop and study new numerical and analytical methods,
(b) adapt known numerical methods to the above described complex problems,
(c) implement the methods on modern computer architectures,
(d) test, evaluate and compare the methods and software, and validate them on the above two practical
applications.

Large scale and complexity simulations, such as those needed for the solution of the above de-
scribed complex problems, require the appropriate integration of physical concepts and laws, math-
ematical/numerical solution methods, discretization methods, algebraic system solvers, software and
computer architectures, in a flexible and user-friendly manner. Traditional models, methods and soft-
ware for the solution of PDE problems are characterized by inflexibility and a narrow view of the
components of the solution procedure.

The target of this project is the recognition and deeper understanding of the special characteristics
of multi-physics, multi-domain problems, and the development of a platform for their realistic mod-
elling and efficient solution, that will lead to
• easier mathematical modelling,
• more effective and re-usable software,
• flexibility in choosing the most appropriate mathematical model, discretization method and algebraic
solver for each part of the problem domain, and
• effective exploitation of several modern/emerging computer architectures.
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Multi-physics, multi-domain problems arise in a wide spectrum of scientific and technological
applications, among which are those characterized by the existence and interaction of nonuniform ma-
terials. The current proposal considers two applications of strategic importance for the society, namely
the spreading of cancer tumor (glioma) in the brain, and the contamination of fresh ground water
by saline waters, due to overpumping. For the above complex problems, the primary mathematical
models are partial differential equations (PDEs). The PDEs used for modelling and simulation of the
above problems involve discontinuous coefficients and discontinuous solution functions and/or deriva-
tives along the interfaces between the different materials. For the effective solution of such problems,
we plan to develop new and adapt known methods, analyze their properties, emphasizing on their
effectiveness on multi-physics, multi-domain problems, implement and map the methods to modern
parallel computer architectures, and validate the methods and software on the above two applications.

More specifically, this project consists of several sub-projects as described in the sections that
follow.

1 Numerical and analytical methods for discontinuous multi-physics,
multi-domain problems
1.1 Hybrid / discontinuous collocation methods

The numerical solution of PDEs involves two main steps: the discretization of the PDE and the
solution of the arising system of algebraic equations. Two major classes of discretization methods for
PDEs are finite element methods (FEMs) and finite difference methods (FDMs).

Collocation is a PDE discretization method that belongs to the FEM class, but has some similar-
ities with FDMs as well. Compared to FDMs, collocation, like any FEM, has the advantage of easy
evaluation of the solution and its derivatives at any point of the domain. Compared to standard FEMs,
such as Galerkin, it has the advantage of quadrature-free computation, and of requiring only one value
of the PDE coefficients at each data point.

Two main classes of collocation are the orthogonal piecewise polynomial collocation [[5]] (a.k.a.
orthogonal spline collocation) and the (fully smooth) spline collocation. Each of these classes of col-
location methods has certain advantages and disadvantages. Orthogonal collocation uses piecewise
polynomials of degree m + k − 1 in Cm−1, and k points per subinterval (kd for d-dimensional prob-
lems), for problems of mth order, and results in m + k order approximations, with superconvergence
of order 2k on certain points. This method has been developed for uniform, as well as nonuniform and
adaptive grids. Spline collocation has been developed for certain degree splines and certain order prob-
lems, e.g. [[11, 10, 29, 30, 64]]. Furthermore, its optimal order formulation is not straightforward; it
requires careful development of certain perturbation operators for the problem. In addition, its formu-
lation on nonuniform and adaptive grids is for the moment limited to second and third degree splines
[[13, 12]]. However, the method posesses certain advantages, for example, it uses only one point per
subinterval (one point for d-dimensional problems), and gives rise to matrices with some desirable
properties, e.g. diagonally dominant, etc. For the linear systems arising from either orthogonal or
spline collocation, fast direct or iterative methods have been developed, and their parallel implementa-
tion has been studied; see, for example, some work by members of our group [[64, 24, 25, 42, 41, 40]].
Both classes of collocation methods have been studied fairly satisfactorily for PDE problems with
continuous coefficients. However, for problems with discontinuities the related work is sparse and
limited.

For the ease of presentation, we consider the linear second-order two-point boundary value prob-
lem (BVP)

(p(x)ux(x))x + q(x)ux(x) + r(x)u(x) = f(x), x ∈ (a, b)

β1ux(a) + β0u(a) = β
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γ1ux(b) + γ0u(b) = γ

and assume that the coefficients p(x), q(x) and r(x) have certain discontinuities at a set of discrete
points wk, k = 1, . . . ,m− 1, in (a, b), resulting in discontinuities of the solution u(x) and/or deriva-
tives of the form

u(w+
k )− zku(w

−
k ) = dk, and ux(w

+
k )− ẑkux(w

−
k ) = d̂k,

with w±
k ≡ lim

ϵ−>0
(wk ± ϵ), k = 1, . . . ,m− 1,

where zk, dk, ẑk and d̂k are given. Let w0 ≡ a, and wm ≡ b. The above problem can be expressed
as a collection of non-standard coupled BVPs in each subdomain Rk ≡ (wk−1, wk), k = 1, . . . ,m,
where the discontinuity conditions play the role of internal boundary conditions. Standard collocation
assumes that the approximate solution û(x) is written as a linear combination of appropriate basis
functions, i.e. û(x) =

∑
αiϕi(x). For the determination of the coefficients αi, both the discontinuity

conditions at the interface points wk and the continuity of the solution in Rk need to be satisfied. We
plan to develop orthogonal and/or spline collocation schemes for such problems. These schemes may
use different basis functions at elements near the interfaces, or different expression for the approximate
solution at each subdomain Rk, or adaptive grids to capture the discontinuities. The aim is to design
schemes that preserve the high order of convergence exhibited by collocation on continuous PDE
problems. We plan to extend the schemes to multi-dimensional BVP problems and to time-dependent
problems.

1.2 Interface relaxation methods

For the simulation and solution of large problems on complex domains three main methodologies
are used: (non-overlapping) domain decomposition, Schwarz decomposition, and interface relaxation.
Domain decomposition [[27, 32, 34, 35, 62]] generates a discretization grid, and uses it to convert
the continuous problem into a discrete one. Then the discretization grid is decomposed into subgrids,
and the global problem is considered as a collection of smaller discrete subproblems that are tightly
coupled through the interfaces between subgrids. Schwarz decomposition [[6, 8]] decomposes the con-
tinuous domain into smaller overlapping subdomains and uses independent models and discretizations
for each subdomain. The solution to the original global problem is obtained through an iterative pro-
cedure. However, the overlapping between neighbouring subdomains increases the complexity of the
problem. Interface relaxation [[44, 47, 48, 60, 61]] tries to combine the benefits of each of the other
two methodologies. It decomposes the domain into non-overlapping subdomains, uses independent
models, discretizations and solution techniques for each subdomain, and employs an iterative proce-
dure to gradually merge the individual solutions into the solution of the original problem. At each
iteration, the subdomains’ problems are solved and the error on the interfaces is reduced by smoothing
techniques. Thus, the subdomains’ problems are loosely coupled, still without overlapping, making
interface relaxation especially suited to parallel architectures, such as clusters, grids and clouds, and
computing the solution of complex multi-domain, multi-physics problems in an efficient and flexible
manner.

To describe the general methodology, consider the generic elliptic PDE problem

Lu = f in Ω ⊂ Rd

u = ub on ∂Ω

and let Ω be decomposed into p subdomains Ωi, i = 1, . . . , p, so that Ω = ∪Ω̄i, and Ωi are open so
that ∩Ωi = ∅. Note that the elliptic operator L may be different in each Ωi. From the above problem,
we get the set of subproblems

Liui = fi in Ωi
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Gijui = 0 on (∂Ωi ∩ ∂Ωj) \ ∂Ω, ∀i ̸= j

ui = ubi on ∂Ωi ∩ ∂Ω

where i = 1, . . . , p, with Li, fi, ui and ubi restrictions of L, f, u and ub, respectively, in each Ωi, and
Gij the relation enforced on the interface between Ωi and Ωj . (See Figure 1.) This relation may be
driven by physical laws, such as momentum or energy conservation, or by mathematical relations,
such as continuity, etc., and may involve complex differential operators, or simpler quantities.
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Figure 1: Interface relaxation

 

U = 0 

Mounting Region 
 

 

         Uxx + Uyy = 0 

U = 1.5Un 

U = 0 

U = 0 

U = 0 U = 0 

Uxx+Uyy= 1.0  Uxx+Uyy + yUx = 1.0 

Uxx+Uyy + xUx = 1.0 

 
 

Heat 
Radiation 
Region 

Heat Producing 
Region 

U = 1.5Un 

Figure 2: Heat diffusion in core

The interface relaxation method goes through an iterative procedure, in which, after some initial
conditions on the interfaces are set, and initial interface values are computed, the subdomain problems
are solved independently, smoothing conditions are applied to produce new values and/or derivative
values on the interfaces, and the procedure is repeated, until some stopping criterion is satisfied. The
choice of interface conditions Gij and the choice of smoothing techniques are both critical for the
success of the method. Interface relaxation can be used for a variety of problems involving PDEs (e.g.
heat diffusion, see Figure 2) in complex domains, that can be decomposed in several smaller subprob-
lems and respective subdomains. The development and study of new interface relaxation methods for
multi-physics, multi-domain problems, especially those with discontinuities as described in Section
1.1, their extension to multi-dimensional problems, and their implementation are the focus of this part
of the project.

1.3 Stochastic-deterministic hybrid methods

Monte-Carlo (MC) methods follow simple statistical sampling procedures (hence the term stochas-
tic) and, by studying particular characteristics of the samples, compute approximate solutions to a wide
range of complex mathematical problems. The relation between stochastic processes and PDEs dates
back to Rayleigh [[52]] and Courant [[14]], while Metropolis and Ulman [[45]] were the first to con-
nect stochastic methods approximations with the name “Monte-Carlo”. Since then, MC methods have
penetrated several problem areas and techniques of approximation. They are often employed in prob-
lems in which high-dimensional PDEs are involved [[33]], primarily because of their simplicity and
wide applicability. MC methods can be used for elliptic, and for time-dependent problems [[1, 7, 23]],
and are particularly suited to problem with complex geometry [[39]]. However, they usually result in
low accuracy approximations, therefore, they are used as a last resort, when other methods fail.
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In this part of the project, we investigate the effectiveness of MC methods on the numerical solution
of complex PDE problems. We consider a hybrid stochastic-deterministic approach, which consists
of two main steps: (a) the stochastic pre-processing step, in which an MC method approximation
decomposes the problem into a set of fully independent subproblems and computes an approximate
solution at certain control points at the interfaces between the subproblems’ domains, and (b) the
deterministic step, in which each of the subproblems is solved independently from the other, by using
discretization and solution methods appropriate for the particular subproblem.

To describe the methodology in more details, consider the elliptic PDE problem

Lu = f in D ⊂ Rd

Bu = g on ∂D,

where L an elliptic operator, B a boundary operator, and D a closed domain. Assuming all conditions
for a unique solution are satisfied, we consider that D is decomposed into ND subdomains Dµ, µ =
1, . . . , ND, so that D = ∪Dµ. Let also Lµ, fµ and uµ, µ = 1, . . . , ND, be the restrictions of L, f and
u, respectively, in Dµ, and Bµ and gµ, µ = 1, . . . , ND, be the restrictions of B and g, respectively, in
∂Dµ ∩ ∂D. We define the interface between Dµ and Dν by

Iµ,ν ≡ ∂Dµ ∩ (∂Dν ∪ Dν) ⊂ Rd−1, µ ̸= ν, µ, ν = 1, . . . , ND,

considering, obviously, only the non-empty interfaces. We now give an abstract algorithm that de-
scribes the two phases of the hybrid stochastic-deterministic method. Note that this algorithm is flex-
ible enough to work on a subset of the subdomains. Assume that Dµ, µ = i1, i2, . . . , iN , are the
subdomains in which the solution is sought, and let ûµ, µ = i1, i2, . . . , iN , be the respective approxi-
mate solutions to be computed.
Phase 1: Compute approximate solution at the interfaces.
While Iµ,ν ⊂ ∪N

j=1∂Dij do
1.1. Choose control points xi ∈ Iµ,ν , i = 1, . . . ,Mµ,ν

1.2. Compute ûµ(xi) using an MC method
1.3. Using (xi, ûµ(xi)), i = 1, . . . ,Mµ,ν , compute an interpolant uIµ,ν of u on Iµ,ν

endwhile
Phase 2: Compute approximate solution of the subproblems.
For j = 1, . . . , N do

Solve the PDE problem
Lij ûij = fij in Dij

Bij ûij = gij on ∂Dij ∩ ∂D

Lij ûij = hij in ∂Dij \ ∂D

where hij are computed using uIµ,ν
endfor

We believe that the above procedure is particularly suited to complex PDE problems in which
the domain has complicated geometrical shape, and in which the differential operator has different
characteristics in different parts of the domain. The above procedure is also well suited to parallel
and distributed computer architectures, even those consisting of non-uniform and loosely connected
processing units.

1.4 Focas’ transform methods

Recently, an innovative analytical method for the solution of linear and integrable non-linear PDEs
was introduced by Athanasios Focas [[18, 19, 20]], who is participating in this project as collaborating
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investigator from abroad. This method, characterized as ”pioneering work” by the London Mathemat-
ical Society when the Naylor prize was awarded to Professor Focas, can be considered, in the context
of linear PDEs, as the analogue of Green’s approximation in the Fourier (spectral) space.

The methodology consists of the following steps:
(a) derivation of a pair of linear eigenvalue equations (analogue to the Lax pair for non-linear integrable
PDEs) corresponding to the PDE,
(b) application of spectral analysis to the above pair, so that the solution of the PDE is expressed as
integral of a spectral function, and the spectral function is expressed as integral of known and unknown
quantities of the PDE solution and derivatives at the boundary of the domain, resulting in the so-called
generalized condition, and
(c) determination of the spectral function, and from that of the PDE solution, by solving a generalized
Dirichlet-Neumann (D-N) mapping and taking into account the boundary conditions.

For a large class of PDE problems, including Laplace, modified Helmholtz, biharmonic in simple
polygonal domains, as well as linear and certain non-linear parabolic PDEs, the D-N mapping has a
closed-form solution, thus leading to an efficient technique for solving the PDE. For general elliptic
BVPs in polygonal domains, for which the closed-form solution is not available, we have developed an
extension of Focas method [[22, 54]], which, using spectral collocation at the boundary of the domain,
leads to an approximate solution of the PDE.

For elliptic or parabolic PDEs with discontinuities, such as those described in Section 1.1, we
plan to develop and analyze numerical-analytical methods based on Focas’ transform. For the ease of
presentation, we consider the linear parabolic initial value problem (IVP)

ut − ((p(x)ux(x))x + q(x)ux(x) + r(x)u(x)) = f(x), x ∈ (a, b), t > 0

β1(a, t)ux(a, t) + β0(a, t)u(a, t) = β(a, t), t > 0

γ1(b, t)ux(b, t) + γ0(b, t)u(b, t) = γ(b, t), t > 0

and assume that the coefficients p(x, t), q(x, t) and r(x, t) have certain discontinuities at a set of dis-
crete points (wk, t), k = 1, . . . ,m− 1, in (a, b)× t, resulting in discontinuities of the solution u(x, t)
and/or derivatives of the form

u(w+
k , t)− zku(w

−
k , t) = dk(t), and ux(w

+
k , t)− ẑkux(w

−
k , t) = d̂k(t),

with w±
k ≡ lim

ϵ−>0
(wk ± ϵ), k = 1, . . . ,m− 1,

where zk, dk, ẑk and d̂k are given. Let w0 ≡ a, and wm ≡ b, and let Rk ≡ (wk−1, wk) × t, k =
1, . . . ,m. Denoting by uk(x, t), k = 1, . . . ,m, the solution of the IVP in the subdomain Rk, k =
1, . . . ,m, we consider the respective to the subdomain Focas’ transform pair

ûk(ℓ, t) =

∫ wk

wk−1

exp(ıℓx)uk(x, t)dx, ℓ ∈ C

uk(x, t) =
1

2π

∫ ∞

−∞
exp(ıℓx)ûk(ℓ, t)dℓ.

Expressing the PDE in conservative form in each subdomain Rk, k = 1, . . . ,m, and applying the
above pair of integral equations that connect the local subdomain solution with a corresponding spec-
tral function, leads to a generalized condition for each subdomain. The simultaneous solution of all
generalized conditions, taking into account the discontinuity conditions on the interfaces, leads to the
determination of the spectral functions ûk(ℓ, t), k = 1, . . . ,m, and, through those, to the computation
of the solution to the original PDE. Such solution techniques are well-suited to the PDE problems
arising from the two practical applications targeted in this project.
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2 Implementation on modern computer architectures
2.1 Implementation on clusters, grids and clouds

The cluster architecture emerged in the last decade, and has quickly established itself as one of
the most appropriate platforms for solving contemporary computationally intensive problems. This
is evident if we observe how Clusters have increased their share among the top 500 most powerful
supercomputers in the world [[59]]. Nevertheless, the architectural organization of Clusters appears to
face a transitional stage. Most importantly, the recent fundamental shift in the design of contemporary
microprocessors towards parallelism inside the chip, known as multi-core trend, is expected to lead to
the construction of Clusters with thousands of cores per node (Clusters of Many-cores) [[53]].

These advancements, already quite important at the hardware level, are expected to have an even
greater impact at the software stack. From now on, the software that is destined to solve computation-
ally intensive problems using next generation Clusters will have to apply hierarchical parallelization
schemes, that span from the level of the single multi-core CPU to the extent of the Cluster and even
the Grid and Cloud that hosts such multi-core Clusters.

In the field of computational Grids, recent research efforts have led to the development of grid
software platforms, that are significantly improved in comparison to the first implementation efforts in
the late ’90s [[21, 4]]. Therefore, Grid environments [[57, 56]] are in position to encompass several
heterogeneous computational resources in a more flexible, more efficient and less complex way across
an often wide geographical deployment.

At the same time, the recent development and prototyping of web services has contributed signifi-
cantly to resource sharing. Such advancements have led to the development of Cloud infrastructures, in
which almost any kind of resource is provided or represented as a service. The provision of resources
which are available in Clusters and Grids through the Cloud has simplified the utilization of compu-
tational resources; however the usage of Cloud infrastructure for the conduction of computationally
intensive computations is still an active subject of research.

Based on the detailed description of the current work package, the contribution in the implemen-
tation and simulation of the numerical methods of Section 1 for discontinuous multi-physics multi-
domain problems in the context of Clusters, Grids and Clouds concentrates on:
• the efficient implementation of established, as well as new numerical methods based on homoge-
neous and heterogeneous programming schemes of hierarchical, multi-level parallelism,
• the understanding and the definition of best practices concerning the parallelization of the numerical
methods which exhibit a similar pattern to the pattern of the methods under consideration in the current
study,
• the ability to offer an easy-to-use environment for the numerical computation of PDEs in high-
performance computing systems made available through Grids and Clouds,
• the acquisition of the respective know-how which is related to the utilization of high-performance
infrastructures being available through contemporary Grids and Clouds.

The subject of the current activity is the efficient implementation of numerical methods for discon-
tinuous multi-physics multi-domain problems on contemporary architectures of massive parallelism
(many-core architectures).

Initially, the implementation will take place at the level of Clusters. Such an implementation will
cover homogeneous, symmetric schemes based on a specific message passing programming model (i.e.
MPI) as well as heterogenous, non-symmetric schemes, where parallelism will span across multiple
levels. In the latter case, a combination of message passing (MPI) with shared memory programming
models (OpenMP, Pthreads) will be employed, in order to utilize the several cores offered at the node
level in a more efficient and flexible way. Moreover, in cases where Clusters supplied with many-core
graphics processors (GPUs) will be available the respective software of the proposed parallel simula-
tions will be able to offload part of the computational load to the GPUs using appropriate interfaces
with programming tools like CUDA and OpenCL.
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During the next stage of the current activity, the execution of the respective simulations will be
transferred to the broad environment of computational Grids, where more than one Clusters are avail-
able across the Internet and via the Grid infrastructure. In this phase, software implementation will
involve the construction of modules that can allocate and manage available resources with efficiency
and flexibility during the simulation. For this purpose, an integration of the previously developed mod-
ules will be made with the most established Grid environments, which at the moment involve Globus
and gLite toolkits.

At the final stage of the current activity appropriate software will be developed in order to make
the execution of simulations available as services in the context of Clouds. In this way, the parallel ap-
plication programmer will be relieved from the need to deal with the complexities of the orchestration
of parallel execution. Moreover, the respective software will be able to utilize in a more efficient way
the resources which are available in the Cloud, especially in the case of submissions of simulations
from more than one user.

2.2 Implementation on FPGA and Reconfigurable Arrays

As the size of semiconductors decreases and the clock frequency increases, processors are able to
integrate a large number of transistors, thus increasing the computational power of processing units,
an increase that until recently followed Moore’s law [[46]]. However, the simultaneous increase in
the complexity of the processing units and in power consumption indicates that there are limits in this
type of improvement of processing units. These limitations have lead to the emergence of multi-core
processors, consisting of several fairly simple processing units. One type of multi-core processors are
those with a small number (2-8) of advanced cores, such conventional multi-core processors by Intel
and AMD, and another type are those with a large number of fairly simple and low cost cores, such
as graphics processing units (GPUs) by NVIDIA and ATI. GPUs were originally designed for graph-
ics cards, but are now been utilized in general purpose computing as well, while the manufacturers
developed application programming interfaces for this purpose [[50, 58]].

To exploit the parallelism in an application, programmers are required to detect the parts of the
application involving a degree of parallelism and manually assign the appropriate data and computa-
tion to the processing units/cores. Furthermore, there are sensitive issues regarding memory allocation
(memory banks, memory coalescing, etc) that are vital in the efficient use of multi-core architectures,
thus programmers are required to adjust their source code appropriately to each kind of architec-
ture. This has led to the introduction of reconfigurable logic, which is based on the principle that
the hardware itself is reprogrammed (reconfigured), rather than the source code. Compared to other
technologies, reconfigurable logic digital circuits (FPGAs) offer the advantage of adapting the hard-
ware to the application, in order to exploit all types of parallelism in the application and maximize
execution performance. However, the reconfiguration of the hardware is performed by using hardware
description languages, in which an algorithm description is a difficult and time-consuming task, left to
hardware engineers. Furthermore, the clock frequency of FPGAs is much lower than that of standard
micro-processors. In recent years, FPGAs have started being used in a number of high-performance
computing applications [[15, 3, 16, 9]].

In this sub-project, we study the effectiveness of using multi-threaded and reconfigurable logic ar-
chitectures for the solution of discontinuous multi-physics, multi-domain problems. In the first phase,
we analyze the particular characteristics of the software packages involved. Such characteristics in-
clude the execution time, the degree of parallelism, the memory access pattern, the ratio of arithmetic
operations over memory accesses, the degree of data re-use, the synchronization requirements, the
complexity of control flow, and the degree of utilization of available execution units. Next, we map
parts of or whole applications to the multi-core platforms. Additionally, reconfigurable logic hard-
ware is constructed for the acceleration of the applications’ kernels, and software appropriate for the
communication and synchronization of the hardware with the host unit is developed.
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3 Merging and validation
3.1 Integration of numerical methods, software and hardware

Software developers and users agree that, for the effective use of modern and emerging computer
architectures, such as multi-core machines, GPUs, etc, appropriate Problem Solving Environments
(PSEs) need to be developed, so that, in the problem solution process, the particular problem char-
acteristics are taken into account, the available software modules are used (and re-used) effectively,
and the available hardware, including non-uniform and distributed computing units, is exploited to
serve the special problem solution needs, at a high-level, without the need for the user to handle the
technical details. Initially, e.g. [[44, 47]], PSEs were based on static computing environments, and the
communication between heterogeneous pieces of code was performed at a low level of programming
through interfaces of certain programming languages. Later, agent platforms were employed, in order
to facilitate the development of PSEs and the communication within the PSE, as well as to allow the
PSE to run on a number of heterogeneous machines over the internet [[28, 38]].

In this part of the project, we plan to design a platform aiming at a unified approach for solving
complex problems, so that software modules and hardware units are integrated in a user-friendly and
transparent way, and the properties of complex multi-physics, multi-domain problems are taken into
account. On this platform, a multi-physics, multi-domain problem is viewed as a network, with two
types of nodes. Each of the first type of nodes corresponds to a subproblem and the respective sub-
domain and solver, while each of the second type of nodes corresponds to an interface (mediator) and
the associated conditions. In Figures 3 and 4, we give an example of a problem with its subprob-
lems/subdomains, and the corresponding network, respectively.

 

Figure 3: Problem and domain decomposition

!

Figure 4: Network corresponding to problem
decomposition

The network can be static, i.e. the node and connection arrangement is fixed, or dynamic, i.e.
the node and connection arrangement can change depending on the needs arising during the solution
process. A fixed network fits methods of Section 1.1 best, while methods of Section 1.2 or 1.3 are
better served by a dynamic network, as interface relaxation and/or stochastic methods may use variable
subdomains, interfaces or conditions along the interfaces. We also plan to develop mapping techniques,
static or dynamic, between the problem/methods and the hardware network aiming at the effective use
of the available hardware units. We believe that such a view serves the effective merging of methods,
software modules and hardware units for the solution of a wide range of multi-physics, multi-domain
problems.
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3.2 Validation on medical problems

Gliomata (gliomas) are the most common brain tumors and arise from the glial cells of the brain.
Some common types of gliomata (glioblastoma multiforme) form very aggressive, fast expanding and
infiltrating cancer, which is not curable, even after extensive radiotherapy, chemotherapy or surgery.
This important and difficult problem has attracted the attention of theoretical and experimental re-
search, including research in the mathematical modelling and the solution of the arising mathematical
problem.

 Figure 5: MRI of glioblastoma multi-
forme, en.wikipedia.org/wiki/
Glioblastoma multiforme

 Figure 6: Glioblastoma: coronal section
through the parietal-occipital junction,
radiology.uchc.edu/eAtlas/CNS
/237.htm

In this part of the project, we first study mathematical models for the evolution of gliomata and
the effectiveness of surgery or chemotherapy. A common simplified model for studying the expansion
of gliomata considers a simple reaction-diffusion PDE in one space dimension [[49]]. We consider an
extended model that takes into account the non-uniform nature of the brain substance (white and gray
matter) [[55]]. This results in discontinuity for the diffusion coefficient of the PDE. More specifically,
we consider the PDE problem

ut = (D(x)ux)x + ρ(x)u, x ∈ (a, b), t > 0,

ux(a, t) = ux(b, t) = 0, t > 0,

u(x, 0) = f(x), x ∈ [a, b]

where the diffusion coefficient D(x), representing the mobility of the cancerous cells, is given by a
discontinuous function of the form

D(x) =

{
Dg, x in grey matter
Dw, x in white matter

Preliminary results [[51]] show the discontinuity arising in the solution, as depicted in Figure 7.
We also consider extensions of the model to study the effectiveness of surgery or chemotherapy,

and extensions to higher spatial dimensions to make the modelling more realistic, and take into account
the complex geometry of the brain. We also study the application of the methods of Section 1 to the
above problem, and the validation of the related software.
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Figure 7: Evolution in time of cancerous cells in glioma

 
Figure 8: Contamination of ground water by saline water

3.3 Validation on environmental engineering problems

Contamination of fresh ground water by saline waters may happen along any sea-coast. In Greece,
this problem is more pronounced; reasons for this include the geography of the country, which includes
a large number of inhabited islands and involves a lengthy and highly-varying-shape coastal line, and
the overpumping, especially during the tourist season. The increased and unregulated needs for water
in the last years contributed to the expansion of the contaminated zone along the coast, a fact that leads
to the conversion of fertile lands to saline/infertile soil. Often the problem occurs primarily because
of the unregulated installation of pumping wells and secondarily because of the large total amount of
water pumped. Thus, the problem of optimizing water pumping through the simulation of subsurface
water flow and transport has attracted the attention of several researchers, for example, [[43, 37, 36]].

In this part of the project, we study the optimal use of fresh water pumping, in a given situation of
geographical data (including position of wells, coastal line, types of soil, etc) and water pumping rates.
As it is standard for the study of this problem, we assume the existence of an interface between saline
and fresh water, and take into account the Ghyben-Herzberg relation [[2, 17]]. We study the intrusion
of saltwater into fresh water aquifers by studying the front (interface) of the saltwater, as it tends to
steady-state.
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The primary model arising is an elliptic PDE, with discontinuous diffusion coefficients and un-
known function the groundwater flow (hydraulic head). The unknown satisfies certain additional con-
ditions along the interfaces. Using the solution of the PDE and the interface conditions, the saltwater
front can be detected. The optimal pumping procedures are then decided using optimization algo-
rithms. We plan to employ ALOPEX, a flexible stochastic procedure, used in a wide range of opti-
mization problems. We also plan to validate the methods developed in Section 1 on the PDE involved
in this practical and important application.

The long-term goal of the part of the project studying the solution of the water contamination
problem and the effective use of stochastic optimization methods (e.g. ALOPEX, [[26, 31, 63]])
for water management is the production of a cheap device that detects the saline water front and
appropriately manages water pumping in real time. The first research group of this proposal has already
collaborated with researchers in Syracuse University, NY, USA, for the analogue representation of the
ALOPEX algorithm in an experimental device. The next step will be the digital representation and
the incorporation of a component that uses ultrasounds to collect data about the location of the saline
front.
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